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Torsion propagation and torsion-spin coupling are studied in the perspective of the Velo-Zwanziger
method of analysis; specifically, we write the most extensive dynamics of the torsion tensor and the
most exhaustive coupling that is permitted between torsion and spinors, and check the compatibility
with constraints and hyperbolicity and causality of field equations: we find that some components of
torsion and many terms of the torsion-spin interaction will be restricted away and as a consequence
we will present the most general theory that is compatible with all restrictions.
I. INTRODUCTION
It is almost a century that Einsteinian gravity has been
complemented with torsion [1–3], and many decades that
its importance for the coupling to the spin of spinors was
recognized [4, 5] (see also [6] for recent review/overview).
However, the Sciama-Kibble completion of Einsteinian
gravitation is still mainly focused on the most straight-
forward generalization of Einstein gravity, where torsion
is not allowed to propagate, while torsion is in general a
physical field, and therefore it must have a propagation
implemented in terms of second-order derivatives of the
torsional terms included into the action. In parallel, also
the torsional coupling to the spin of spinors is still mainly
focused on the simplest form, and from the perspective of
studying the torsion-spin interaction in its most general
form then all torsion-spinor terms are to be included too.
Mathematical generality is not the only reason to have
higher-order mass dimension terms in the action, and one
physical argument is that such terms may be important
in situations involving Lorentz symmetry violations [7, 8].
The problem we now face is that, in principle, we shall
find an infinity of such terms, unless some concepts would
intervene to restrain this profusion, and a first-level solu-
tion is to notice that because the spinorial field equations
have first-order derivatives in the spinor fields, then the
inclusion of higher-than-first-order derivatives of spinor
fields would make no sense, so that we ought restrict the
inventory to products of first-order derivatives of spinor
fields with torsion at most. In this way however we can
still have mass-dimension 5 terms, and we cannot remove
them by using the criterion of renormalizability [7, 8].
Even with only mass-dimension 5 terms, it is still possi-
ble to include several terms, and therefore a second-level
solution would be to assess which of these terms are ac-
ceptable within the Velo-Zwanziger analysis [9, 10].
So in this paper, we will first of all make the inventory
of terms that can be included in the action: this means
all possible terms that are quadratic in the derivatives of
torsion, beside the usual Dirac term containing first-order
derivatives of spinor fields, as well as all the interaction
terms given by the products of derivatives of spinor and
torsion, but also products of spinors and squared torsion
down to the usual products of spinors and torsion; once
this is done, we will proceed by removing all those terms
that do not cope with the restrictions that are imposed by
the implementation of the Velo-Zwanziger method [9, 10].
As we are going to witness, there will only be few terms
remaining after that this analysis gets implemented.
II. TORSION AND ITS PROPAGATION
To begin we introduce the torsion tensor in general.
The torsion tensor Qρµν is a tensor of order three an-
tisymmetric in two of its indices: as a consequence, it is
always possible to decompose it according to
Qρµν=
1
3 (gρµQν−gρνQµ)+
1
6W
αεαρµν+Tρµν (1)
where Qν=Q
ρ
ρν is the trace and W
α=Qρµνε
ρµνα is the
completely antisymmetric part and where Tρµν such that
it is T ρρν =0 and Tρµνε
ρµνα=0 is called non-completely
antisymmetric irreducible part of torsion. Therefore the
trace has 4 components while the completely antisym-
metric dual has 4 components and as a consequence the
non-completely antisymmetric irreducible part of torsion
has the 16 components that remain to account for a total
of 24 components that the torsion tensor has in general.
When these geometric parts are taken as propagating
fields, the number of their components has to be reduced
to the number of their degrees of freedom, and because
an s spin field possesses 2s+1 degrees of freedom, then all
remaining non-physical components must be suppressed
by requiring a suitable number of conditions of symmetry
and contractions as well as divergences of the field.
The trace and the completely antisymmetric dual are
vectors, that is spin-1 fields, and thus from the 4 com-
ponents, we have to isolate 3 degrees of freedom, which
has to be done by imposing 1 constraint, and this is done
by requiring some conditions on contractions and diver-
gences: because vector fields are not reducible then it is
only in terms of the divergence that the constraint must
be implemented, and this is why for vector fields the di-
vergence of the vector is what constitutes the constraint.
On the other hand, the non-completely antisymmetric
irreducible part Tρµν is a rank-3 tensor, that is a spin-3
field, so from the initial 16 components, we must isolate
7 degrees of freedom, thus we need 9 constraints: all the
symmetries and the contractions have already been used,
hence again we can only work with the divergences of the
tensor. We have two cases: the divergence ∇ρT
ρµν that,
due to symmetry and contraction properties, results into
an antisymmetric tensor, therefore giving 6 constraints
in total; and the divergence ∇νT
ρµν that, due to sym-
metry and contraction properties, results into a traceless
tensor, hence giving 15 constraints in total. This means
that the constraint ∇ρT
ρµν can not be enough, while the
constraint ∇νT
ρµν will always be too stringent, and thus
no combination of constraints would ever be appropriate.
The fact that the non-completely antisymmetric irre-
ducible part Tρµν cannot be properly defined as a prop-
agating physical field can also be seen dynamically.
The dynamical properties are studied by isolating the
leading-derivative term, that is taking free propagation.
The propagation of the completely antisymmetric part
or its dual axial-vectorWα and its curl (∂W )αν has been
studied in [11]: there it was found that Wα has the same
dynamical properties of an axial-vector massive field, and
that is an axial-vector Proca field, quite generally indeed.
For the trace vector Qα and its curl (∂Q)αν we should
study the propagation now: because the dynamics cannot
be distinguished by the Velo-Zwanziger analysis only on
the bases of parity-evenness or parity-oddness, then it is
not surprising that performing on Qα the Velo-Zwanziger
analysis we find that Qα has the same dynamical proper-
ties of a vector massive field, and that is a vector Proca
field, also quite generally. For a good analogy, one might
think at Qα as some sort of massive electrodynamic field.
The propagation of the non-completely antisymmetric
irreducible part of torsion is trickier: the Lagrangian has
to be formed with squares of derivatives of Tρµν and, as a
quick inventory of all indices combination reveals, there
are only three possible scalar terms, given by
L = 12∇αTµνσ∇
αT µνσ +
+ 32A∇αT
αµν∇βTβµν+3B∇αT
µνα∇βTµνβ −
− 12M
2TµνσT
µνσ+Lmatter (2)
with a mass term and a source Lagrangian.
The total Lagrangian, upon variation with respect to
the Tρµν field, would give the field equations
∇2Tµνσ+A(2∇µ∇
βTβνσ −
−∇σ∇
ρTρµν+∇ν∇
ρTρµσ −
−∇α∇βTβασgµν+∇
α∇βTβανgµσ) +
+B(3∇ν∇
βTµβσ−3∇σ∇
βTµβν −
−∇α∇βTαβσgµν+∇
α∇βTαβνgµσ +
+∇µ∇
ρTρνσ+∇σ∇
ρTρµν −
−∇ν∇
ρTρµσ)+M
2Tµνσ=Sµνσ (3)
where Sµνσ is the source tensor obtained from the source
Lagrangian, and where all the symmetry and the contrac-
tion properties of Tρµν are inherited by its field equations
themselves. What this means is that the constraints due
to the symmetries and the traces are automatically im-
plemented and consequently we only need to think about
those that come from the covariant divergences.
Once again, there are two possible cases, of which the
first is the divergence with respect to the first index, and
because we are studying free propagation, where in par-
ticular also gravity is absent, all curvatures are zero and
we can commute all covariant derivatives getting
∇2∇µT
µνσ(1+2A+B) +
+B(∇µ∇β∇
νT µβσ−∇µ∇β∇
σT µβν) +
+M2∇µT
µνσ=∇µS
µνσ (4)
where there appear third-order derivatives that convert
this constraint into a field equation: therefore we have to
ask B = 0 and 1+2A = 0 to hold. With these restrictions
and taking the divergence with respect to either of the
remaining indices we obtain that
∇2∇νT
µνσ− 12 (∇
µ∇β∇νT
βνσ+∇σ∇ρ∇νT
ρνµ +
+∇2∇ρT
ρµσ)+M2∇νT
µνσ=∇νS
µνσ (5)
where again there appear third-order derivatives that
convert this constraint into a field equation, although
now the absence of free parameters leaves us without any
freedom to adjust the coefficients. Therefore third-order
derivatives will always remain in what should otherwise
be constraints, and thus they can not be acceptable.
The fact that the non-completely antisymmetric irre-
ducible part Tρµν as a propagating physical field does not
have a match between degrees of freedom and indepen-
dent field equations is in line with what we found above.
As a consequence, we are forced to the conclusion that
the non-completely antisymmetric irreducible part of the
torsion tensor is not well defined as a physical field.
This conclusion also stands in line with the trend that
emerges from the Velo-Zwanziger analysis [10]: the scalar
field is always well defined, the spin-1 field starts to dis-
play consistency issues and as the spin goes higher consis-
tency problems tend to increase. In this paper, Velo and
Zwanziger find that whereas spin-1 fields are still rather
manageable, spin-2 fields require a number of constraints
to be arbitrarily implemented for good position.
The spin-3 field should be even more problematic, and
what we have discussed here shows that it is indeed.
We would also like to add that in the case that is given
by the non-completely antisymmetric irreducible part of
torsion, which comes from the geometry, there naturally
is less freedom for adjustment, and we look at this rigidity
as the reason for all the propagation problems.
III. TORSION WITH SPIN AND THEIR
INTERACTIONS
We have dismissed such a non-completely antisymmet-
ric part of torsion as not well defined in its propagation
and thus as not physical. The trace part Qα and the dual
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of the completely antisymmetric partWα will be the only
fields we shall consider: their dynamics are given by the
vector and axial-vector massive Proca field equations.
As for matter fields we will only consider the spinorial
field ψ (with ψ as conjugate) defined upon introduction
of the Clifford algebra γa from which
[
γa,γb
]
=4σab and
the implicit 2iσab= εabcdpiσ
cd are the relations defining
the generators σab of the spinor group and the parity-odd
matrix pi (which is merely the matrix usually indicated
as gamma with an index five but in a notation in which
the useless index is not in display): writing ∇µψ as the
covariant derivative of spinors, we have that its dynamics
is given by the Dirac spinor field Lagrangian as it is usual.
With Qα and Wα as well as ψ and ψ and all combina-
tions of the γa matrices, we can now come up with all the
possible torsion-spinor interaction terms: those involving
the coupling of spinors to the axial-vector torsionWα are
found in [12]; again, because such a list of terms is quite
independent on the field being an axial-vector or a vector,
one may expect that very similar terms would appear for
the vector torsion Qα as well. This is indeed what shall
happen; however, there are also properties that depend
on the parity of the fields, and so some additional terms
with products of vector Qα and axial-vectorWα must be
expected too. As an additional remark, we specify that
all throughout this work we are going to consider only a
Lagrangian that displays parity invariance. After having
done the inventory of all possible terms, we obtain that
L =− 14 (∂W )
2+ 12M
2
WW
2− 14 (∂Q)
2+ 12M
2
QQ
2 +
+iψγa∇aψ−mψψ −
−XWψγ
µpiψWµ−XQψγ
µψQµ −
−ψψ
(
BWW
2+BQQ
2
)
+
+SWQiψpiψWQ+AWQ2ψσ
ijpiψW[iQj] +
+RWψpiσ
µνψ(∂W )µν+DW iψpiψ∇µW
µ +
+RQiψσ
µνψ(∂Q)µν+DQψψ∇µQ
µ +
+YW i(ψpiσ
µν
∇µψ−∇µψpiσ
µνψ)Wν +
+Y ′W
1
2 (ψpi∇µψ−∇µψpiψ)W
µ +
+YQ(ψσ
µν
∇µψ−∇µψσ
µνψ)Qν +
+Y ′Q
i
2 (ψ∇µψ−∇µψψ)Q
µ (6)
with 3 mass terms and a total of 14 coupling constants.
Its variation would yield the field equations given by
iγa∇aψ−
(
m+BWW
2+BQQ
2
)
ψ −
−2YW iWνpiσ
νµ
∇µψ+Y
′
WW
µpi∇µψ −
−2YQQνσ
νµ
∇µψ+Y
′
QiQ
µ
∇µψ −
−XWWµγ
µpiψ−XQQµγ
µψ +
+SWQiWQpiψ+AWQ2W[iQj]σ
ijpiψ +
+
(
RW+
i
2YW
)
(∂W )µνpiσ
µνψ +
+
(
DW−
i
2Y
′
W
)
∇µW
µipiψ +
+
(
RQ−
i
2YQ
)
(∂Q)µν iσ
µνψ +
+
(
DQ+
i
2Y
′
Q
)
∇µQ
µψ=0 (7)
as the spinor field equations, together with
∇µ(∂W )
µν+(M2W−2BWψψ)W
ν=XWψγ
νpiψ −
−SWQiψpiψQ
ν+2AWQQµ2ψσ
µνpiψ +
+2RW∇µ(ψpiσ
µνψ)+DW∇
ν(iψpiψ)−
−YW i(ψpiσ
µν
∇µψ−∇µψpiσ
µνψ)−
−Y ′W
1
2 (ψpi∇
νψ−∇νψpiψ) (8)
and
∇µ(∂Q)
µν+(M2Q−2BQψψ)Q
ν=XQψγ
νψ −
−SWQiψpiψW
ν−2AWQWµ2ψσ
µνpiψ +
+2RQ∇µ(iψσ
µνψ)+DQ∇
ν(ψψ)−
−YQ(ψσ
µν
∇µψ−∇µψσ
µνψ)−
−Y ′Q
i
2 (ψ∇
νψ−∇νψψ) (9)
as axial-vector torsion and vector torsion field equations.
On these equations, it is now the moment to perform
the Velo-Zwanziger analysis. The Velo-Zwanziger analy-
sis is summarized as follows: 1. for a given field equation,
consider only the leading-derivative terms, which are the
terms with the highest-order derivatives and being those
determining the propagation; 2. in what remains, make
the replacement i∇α→nα so to focus on the normal to
the surfaces of the wave fronts; 3. after such replacement,
the remaining algebraic equation will have in general the
form Aψ=0 and because this must be valid for generally
non-vanishing spinor fields ψ then one has to require that
detA=0 hold: this last equation is called characteristic
equation, and its solutions in terms of the components of
nα are such that n0 must be real or else the original field
equations will not be hyperbolic, and then nα must also
be space-like or else the original field equations will not
have causal structure. For further details, we refer to the
seminal papers [9, 10], where the authors also describe a
variety of computational techniques that are useful when
straightforward calculations cannot be done. In reference
[10] in particular, various examples are also provided.
To perform the Velo-Zwanziger analysis on the spino-
rial field equations, we consider (7) with the highest-order
derivatives alone obtaining
iγa∇aψ−2YW iWνpiσ
νµ
∇µψ+Y
′
WW
µpi∇µψ −
−2YQQνσ
νµ
∇µψ+Y
′
QiQ
µ
∇µψ=0 (10)
and replacing i∇α→nα we get
(γana−2YWWνpiσ
νµnµ−iY
′
WW
µpinµ +
+2iYQQνσ
νµnµ+Y
′
QQ
µnµ)ψ=0 (11)
in the form Aψ=0 so that detA=0 is given by
det|γµnµ+2YWpiσ
µνnµWν−iY
′
WpinµW
µ −
−2iYQσ
µνnµQν+Y
′
QnµQ
µ|=0 (12)
and this is the characteristic equation: its solutions must
have n0 real to ensure hyperbolicity, and then nα either
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space-like or light-like to ensure causality. We shall next
proceed to the evaluation of the characteristic equation.
The explicit form of (12) can be computed straightfor-
wardly and the result is the expression given by
|n2|2[(1+W 2|YW |
2+|YQ|
2Q2)2 +
+4|YQ|
2|YW |
2(|QW |2−Q2W 2)] +
+n2[−2(|YQ|
2+|Y ′Q|
2) ·
·(1−W 2|YW |
2+|YQ|
2Q2)|Q·n|2 −
−2(|YW |
2+|Y ′W |
2) ·
·(1+W 2|YW |
2−|YQ|
2Q2)|W ·n|2 +
+8YQYW (Y
′
WY
′
Q−YQYW ) ·
·(Q·n) (W ·n) (Q·W )] +
+[2(|YQ|
2|YW |
2+|Y ′Q|
2|Y ′W |
2 −
−|Y ′Q|
2|YW |
2−|YQ|
2|Y ′W |
2 −
−4Y ′QYWYQY
′
W )|W ·n|
2|Q·n|2 +
+(|YQ|
2+|Y ′Q|
2)2|Q·n|4 +
+(|YW |
2+|Y ′W |
2)2|W ·n|4]=0 (13)
symmetric for the interchange of the two vector torsion
fields: this is what has to be discussed in special cases.
Because (13) is rather complicated, it may be difficult
to find all situations in which hyperbolicity and causality
are respected, and therefore we face the problem from the
opposite angle, trying to assess what are the instances in
which acausality or lack of hyperbolicity occur.
To this purpose, consider that we can always approxi-
mate torsion to be weak, and in this circumstance we can
always approximate both vectors to be small compared
to the unity, therefore getting
|n2|2−2n2[(|YQ|
2+|Y ′Q|
2)|Q·n|2 +
+(|YW |
2+|Y ′W |
2)|W ·n|2] +
+[2(|YQ|
2|YW |
2+|Y ′Q|
2|Y ′W |
2 −
−|Y ′Q|
2|YW |
2−|YQ|
2|Y ′W |
2 −
−4Y ′QYWYQY
′
W )|W ·n|
2|Q·n|2 +
+(|YQ|
2+|Y ′Q|
2)2|Q·n|4 +
+(|YW |
2+|Y ′W |
2)2|W ·n|4]≈0 (14)
which is in fact easier to manipulate. A similar working
hypothesis is that of considering cases where the vector
Q is smaller than the axial vector W so that we obtain
|n2|2−2n2(|YW |
2+|Y ′W |
2)|W ·n|2 +
+(|YW |
2+|Y ′W |
2)2|W ·n|4≈0 (15)
which admits the only solution
n2≈(|YW |
2+|Y ′W |
2)|W ·n|2 (16)
for which n2 will always be positive, the wave fronts will
always be space-like, and the propagation will always be
acausal; because for YW 6=0 orY
′
W 6=0 it is always possible
to find situations where acausality arises, then to ensure
causality we must have YW =Y
′
W =0 identically valid as
constraints. Then (14) reduces to the simpler
|n2|2−2n2(|YQ|
2+|Y ′Q|
2)|Q·n|2 +
+(|YQ|
2+|Y ′Q|
2)2|Q·n|4≈0 (17)
which admits the only solution
n2≈(|YQ|
2+|Y ′Q|
2)|Q·n|2 (18)
for which n2 will always be positive, the wave fronts will
always be space-like, and the propagation will always be
acausal; because for YQ 6=0 orY
′
Q 6=0 it is always possible
to find situations where acausality arises, then to ensure
causality we must have YQ=Y
′
Q=0 holding identically.
As YW =Y
′
W =YQ=Y
′
Q=0 then (13) reduces to n
2=0
so that wave fronts are light-like and therefore causality
is ensured. Then since n2=0 implies |n0|2=~n ·~n we also
have that n0 is real and hyperbolicity is ensured as well.
In studying under what circumstances (13) may have
unacceptable solutions, we have also obtained under what
circumstances acceptable solutions are ensured.
So, because we have found that acausality can always
occur unless YW =YQ=Y
′
W =Y
′
Q=0 identically, then we
can conclude our analysis by saying that the four con-
straints given by YW =YQ=Y
′
W =Y
′
Q=0 are a necessary
condition for causality, but also that they are a sufficient
condition for causality and additionally they are a suffi-
cient condition for hyperbolicity of field equations (7).
The spinor field equations (7) thus reduce to
iγa∇aψ−
(
m+BWW
2+BQQ
2
)
ψ −
−XWWµγ
µpiψ−XQQµγ
µψ +
+SWQiWQpiψ+AWQ2W[iQj]σ
ijpiψ +
+RW (∂W )µνpiσ
µνψ+DW∇µW
µipiψ +
+RQ(∂Q)µνiσ
µνψ+DQ∇µQ
µψ=0 (19)
while the torsion axial-vector field equations are
∇µ(∂W )
µν+(M2W−2BWψψ)W
ν=XWψγ
νpiψ −
−SWQiψpiψQ
ν+2AWQQµ2ψσ
µνpiψ +
+2RW∇µ(ψpiσ
µνψ)+DW∇
ν(iψpiψ) (20)
and the torsion vector field equations are
∇µ(∂Q)
µν+(M2Q−2BQψψ)Q
ν=XQψγ
νψ −
−SWQiψpiψW
ν−2AWQWµ2ψσ
µνpiψ +
+2RQ∇µ(iψσ
µνψ)+DQ∇
ν(ψψ) (21)
and so far as the Velo-Zwanziger analysis is concerned we
have that the field equations cannot be more general.
IV. CONSTANT TORSION
Up to now we have seen how the Velo-Zwanziger analy-
sis restricts the structure of the field equations. However,
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there are specific situations in which further reductions
are implementable: in fact, one of the physical situations
in which these field equations can be used is in the study
of possible Lorentz symmetry violations [7, 8].
In these papers, the authors consider Lagrangians such
as the one we have examined here, and they show that a
constant torsion may entail the break-down of a Lorentz
symmetry. However, constant torsion cannot be assumed
but must be obtained as solution of the torsion field equa-
tions in general: in [7, 8] the torsional field equations are
never studied, and in fact they are not even presented.
In the present paper we have such field equations and
therefore this study can be performed. A constant torsion
is compatible with the torsion field equations whenever
(M2W−2BWψψ)W
ν=XWψγ
νpiψ −
−SWQiψpiψQ
ν+2AWQQµ2ψσ
µνpiψ +
+2RW∇µ(ψpiσ
µνψ)+DW∇
ν(iψpiψ) (22)
and
(M2Q−2BQψψ)Q
ν=XQψγ
νψ −
−SWQiψpiψW
ν−2AWQWµ2ψσ
µνpiψ +
+2RQ∇µ(iψσ
µνψ)+DQ∇
ν(ψψ) (23)
admit a source distribution for which they hold. But such
an analysis is not necessary, as (22, 23) convert (6) into
L = iψγa∇aψ−mψψ −
− 12XWψγ
µpiψWµ−
1
2XQψγ
µψQµ (24)
which is the Lagrangian we would have had in standard
background with no higher-order mass dimension terms.
So if the Lagrangian considered in [7] were to be taken
in deep examination, it would become evident that there
would be no Lorentz symmetry violation. Or at least that
there would be no Lorentz symmetry violation apart from
the one that would also be present in the standard case.
We conclude therefore that the assumption of constant
torsion exceeds the boundary of its applicability.
V. CONCLUSION
In this paper, we have considered the Lagrangian that
would arise from allowing all propagating torsional terms
as well as all consistent interactions between torsion and
spinor fields; after writing the Lagrangian, we proceeded
in finding the field equations, studying them in terms of
the Velo-Zwanziger method, removing all the terms that
are found to be inconsistent with such an analysis.
As a first result, we found that, of the three irreducible
parts of torsion, which we indicated with T , Q and W , a
number of restrictions took place for the non-completely
antisymmetric irreducible component: we could not write
field equations compatibly with the requirement that the
number of degrees of freedom must match the number of
independent field equations. This circumstance is consis-
tent with the consideration that the higher the spin of a
field the more difficult is to define its field equations.
Having then ruled out the non-completely antisymmet-
ric irreducible component T we have been left with the
two vector componentsQ andW and as a consequence we
built the Lagrangian with these two alone coupling to the
spinor field: after obtaining the field equations, we com-
puted the characteristic equations witnessing that it was
always possible to find situations where acausal propaga-
tion would arise unless four coefficients were zero identi-
cally, and in doing so we established that the vanishing of
these four coefficients is not only a necessary but also a
sufficient condition for causality as well as for hyperbolic-
ity, and we gave the most general field equations compat-
ible with all restrictions of the Velo-Zwanziger analysis.
We finally considered works such as those of Kostelecky
and co-workers about Lorentz symmetry violations based
on the assumption of constant torsion, proving that when
such models are studied in detail it is clear that the as-
sumption of constant torsion would not give any Lorentz
symmetry violation more than what would be in standard
cases with no higher-order mass dimension terms.
In the extended Lagrangian (6), the only non-restricted
terms that can appear are summarized as follows: terms
proportional to the constants BW and BQ can be seen as
corrections to the masses of torsion and the mass of the
spinor field; terms proportional to RW and RQ are those
related to the coupling of torsion to the electric-like and
magnetic-like di-pole spinor quantities; DW and DQ are
the scalar analogous of the two we just mentioned, with
coupling to the scalar and pseudo-scalar spinor quantities
that would make them a mass and a pseudo-mass for the
spinor field; terms in SWQ and AWQ instead do not have
a clear interpretation because they describe a new type
of interaction involving both vectors and the spinor field.
Just the same, the term in SWQ has a structure anal-
ogous to that of the term in DW while the term in AWQ
has a structure analogous to that of the term in RW and
as such, they represent some type of electric-like di-pole
spinor quantity and some mass term of the spinor field.
The investigation of the physical effects of these addi-
tional terms, especially the properties of renormalizabil-
ity of the Lagrangian, might be done in later works.
In order to study the cleanest background, one of our
working hypothesis consisted in taking into account flat
space-times, so a first opportunity for enlargement should
come from considering the gravitational field effects.
Other opportunities for enlarging this analysis might
come from relaxing any of the various working hypotheses
we have done above, one of which being parity-evenness
of the Lagrangian, so that a possible extension might be
allowing parity-odd terms within the action [13].
An extension of more general character is one involving
the enlargement of the background, allowing the so-called
non-metricity, beside torsion and curvature [14].
In this paper we have not considered such extensions
because we are proceeding for increasing levels of com-
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plexity and in this perspective our aim was to study the
most general decomposition of torsion, but the inclusion
of non-metricity as final extension of the geometry, and
parity-oddness as final extension of the dynamics, clearly
are the next steps that should be done in this direction.
As has happened here, it may happen in either or both
of these extensions that renormalizability issues arise, so
that it is interesting to study how they may be linked to
asymptotic safety, as it has been discussed in [15].
We again recall that for the Velo-Zwanziger analysis it
is necessary to start with well-posed field equations.
For this reason it is essential that in all previously dis-
cussed extensions an investigation of the Cauchy problem
be conducted as a preliminary study [16].
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